2018 IMO P2

James Stewart

September 10, 2024

Solution to 2018 IMO P2

Find all integers n > 3 for which there exist real numbers aj,as, ...

satisfying
a;ai+1+1=a;42

for i =1,2,...,n, where indices are taken modulo n.
The answer is n =0 (mod 3).

Proof that these n satisfy the condition. Take the sequence

(a1, as, .. 'an+2) =(-1,-1,2,-1,-1,2,-1,-1,2,...,—-1,—1, -2, —1,—-1),
which works as
—1-—-141=2
and
—1-24+1=-1.

Proof that other n fail. Note that

2
arapr1g+2 = (agg2 — 1)(akt2) = g o — ko
It is also equal to
ar(ag+3 — 1) = agagis — ag.
Therefore,
2
Akak43 — Ak = Ay — Qk+2-

Summing this for all £ =1,2,...,n (indices (mod n)), we know that

2
g Of0k+3 = Zak,

) An



or
Z 2aa543 =2 Z ai.

To finish the problem, we know that

2) ap =) (af +aiy3),

> (ai +aiis) — 2> (ararys) =0.

SO

This implies that

> (ar — arss)® =0,

or ar = ap+3. The sequence now has a period of 3, so n = 0 (mod 3). If n is not a
multiple of 3, all the terms would be equal. This is impossible as

a? +1=a;

does not have real roots.



